Exercises for week 1

Giorgio Stefani

Exercise 1 (4 points + 2 bonus points).
(i) [2 points| Let d: R? x R? — [0, +-00) be defined by

|z —y| if x, y and 0 are collinear,
d(z,y) = _
|z| + |y| otherwise,

for all z,y € R2. Prove that (R?,d) is a metric space. Is (R?,d) complete? Motivate your answer.
(ii) [2 points 4 2 bonus points| Let d: N x N — [0, +00), where N = {1,2,3,...}, be defined by
1

for all m,n € N.

(a) [2 points| Prove that (N, d) is a metric space and that is not complete.
(b) [2 bonus points| Find a completion of (N, d).

Exercise 2 (4 points). Let a,b € R, with a < b, and let X = C([a,b];R) be the set of continuous
functions f: [a,b] — R.
(i) [2 points| Let d: X x X — [0, +00) be defined as

b
d(f.g) = / (@) - g(z)|da

for all f,g € X. Prove that (X,d) is a metric space.
(ii) [2 points| Is (X, d) complete? Motivate your answer.

Exercise 3 (4 points). Let X be a non-empty set and let (Y,d) be a metric space. Assume that
@: X — Y is injective. Let d,: X X X — R be defined as

dy(z,2") = d(p(x), p(z)) for all z,2" € X.

(i) |1 point| Prove that (X,d,) is a metric space.
(ii) [3 points| Prove that (X,d,) is complete if and only if (¢(X), d) is complete.

Exercise 4 (4 points). Let A, B C R™ be two non-empty sets. Let us define
dist(A4, B) =inf {|z —y| 1z € A, y € B}.
(i) [2 points] Prove that if A is compact and B is closed and AN B = &, then d(A, B) > 0.

(ii) [2 points| Is it true that d(A, B) > 0 for all A, B C R™ non-empty, closed and such that ANB = &7
If yes, then prove the statement. If no, then give a counterexample.
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Exercise 5 (4 points). Let (X,d) be a compact metric space. Assume that 7: X — X satisfies
d(T(z),T(y)) <d(z,y) forallz,y € X, x#y.

(i) [1 point] Prove that, if z,y € X are fix points of the map 7', then z = y.
(i) [1 point] Prove that the map f: X — R, defined as f(z) = d(T'(z), z) for all x € X, is continuous.
(iii) |2 points] Prove that the map 7" has a unique fix point z € X.

Exercise 6 (4 points). Let (X, d) be a metric space and let A C X. Let L > 0 and let f: A — R be
an L-Lipschitz function on A, that is, such that

|f(x)— f(y)| < Ld(z,y) forall z,ye A

Prove the following two statements.
(i) |2 points| There exists an L-Lipschitz function F': X — R on X such that F‘ A=
(ii) [2 points] There exist two L-Lipschitz functions m, M: X — R on X such that m|, = M|, = f

and with the following property: if g: X — R is an L-Lipschitz function on X such that g’ 4=5
then m < g < M on X.

Exercise 7 (4 points). Let (X,d) be a metric space. Recall that the diameter of a non-empty set
A C X is defined as diam(A) = sup{d(zx,y) : z,y € A}.
(i) [3 points| Let (Cy)nen be a sequence of subsets of X such that:
(a) C), is non-empty and closed for all n € N;
(b) Cpy1 C C, for all n € N;
(¢) lim diam(C,)=0.
n—-+o0o
Prove that, if (X, d) is complete, then there exists a unique x € X such that (| C,, = {z}.
neN
(i) [1 point] Find a metric space (X, d) and a sequence (C,)nen of subsets of X satisfying properties

(a), (b) and (c) of the previous point and such that () C, = @.
neN

Exercise 8 (4 points). Let p € [1,+o00] and let (¢*(N), | - [|,»(x)) be the Banach space of p-summable
real sequences. Prove that (¢7(N), | - ||sy)) is a Hilbert space if [2 points| and only if [2 points| p = 2.

Bonus (4 points). Let us define
S(R) = {f € C®(R) : sup |z|™ | "™ (z)| < +oo whenever m,n € No} ,
TeR

where Ng = NU {0}, C*®(R) is the set of infinitely differentiable functions and (™ denotes the n-th
derivative of f. Prove that, if f € S(R), then f( is uniformly continuous on R for all n € N.
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Exercise 9 (4 points). Let (X, 7, 1) be a measurable space. A point € X is called an atom of p if
{z} € & and pu({x}) > 0. From now on, we assume pu(X) < +o0.

(i) |2 points| Prove that the set
X
A, = {:1: € X : z is an atom of p with p({z}) > M}
n

is finite for all n € N.
(ii) [2 points| Prove that the set A = {z € X : x is an atom of pu} is at most countable.

Exercise 10 (4 points). Let X be a non-empty set and let 2 C Z(X). We define
o(2) = ﬂ {%is a o-algebra of X : &/ D Q}

(i) [2 points| Prove that o(£2) is a o-algebra of X and that ¢(2) D 2.
(ii) |2 points| Prove that o(2) is the smallest o-algebra of X containing 2, that is, if <7 is a o-algebra
such that & D 2, then & D 0(£2).

Exercise 11 (6 points). Let n € N be fixed and let u: Z(X) — [0, +00] be an outer measure on R™.
Assume that there exist two constants C,e > 0 such that

p(Br(z)) < Cr"'e
for all z € R™ and r > 0, where B, (z) = {y € R" : |y — x| < r} is the open Euclidean ball.
(i) We assume n = 1 first. ) )
(a) [1 point] Prove that pu((a,b)) < C(b — a)'*¢ for all a,b € R, with a < b, where C' > 0 is a

constant depending uniquely on C and e.
, C(b—a)'te .

b) [1 point] Prove that u((a,b)) < —————— for all k € N and for all a,b € R, with a <.
(c) [1 point| Prove that p =0, i.e. u(E) =0 for all E € Z(R).

(ii) Now we assume n > 2.

(a) [2 points| Prove that p(Q.(z)) < Cr"te for all z € R and r > 0, where Q,(z) =
(acl - 5,71+ %) X oo X (azn — 5, Tn + %) is the Euclidean box centered at © = (x1,...,2,) €
R™ with side length 7 > 0, and C' > 0 is a constant depending uniquely on C' and ¢.

(b) [1 point] Prove that =0, i.e. u(F) =0 for all E € 2(R").

Bonus (4 points). Let X and Y be two non-empty sets and let 8 C Z(Y) be a o-algebra of Y. Let
f: X — Y be a function and define

o(f) ={f71(5): S € B} ¢ P(X).
(i) [2 points| Prove that o(f) is a o-algebra of X.

(ii) [2 points| Let &/ C Z(X) be a o-algebra of X. Prove that f: (X, o) — (Y, %) is measurable,
that is, f~1(B) € & for all B € 4, if and only if & D o(f).
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Exercise 12 (4 points). Let (X, d) be a metric space and let C' C X be non-empty and closed.
(1) [1 point] Prove that Ay, = {z € X : dist(z,C) < 1} is open for all k € N.
(2) |2 points| Prove that C' = NgenAg.
(3) [1 point] Prove that an open set A C X is a countable union of closed sets.

Exercise 13 (5 points). Let n € N and let f: R™ — R"™ be a Lipschitz function with Lipschitz constant
L €[0,400). Let s > 0 and let 5#°: Z(R™) — [0, +00] be the s-dimensional Hausdorff outer measure
on R™.

(i) [2 points| Prove that diam(f(F)) < Ldiam(FE) for all E C R™.

(ii) [2 points| Prove that #°(f(E)) < L®* #*(FE) for all E C R™.

(iii) [1 point] Find a constant L € (0,+o00) and an L-Lipschitz function f: R™ — R"™ such that
JO(f(E)) = L°*°(F) for all E C R".

Exercise 14 (7 points). Let (X, d) be a metric space. Let .# C Z(X) be a family of subsets of X
such that @ € Z. Let 7: % — [0,400] be a function such that 7(&) = 0. Given 6 > 0, we define
i P(X) - [0, 4+00] s

+oo +oo
w5 (A) = inf {Z T(Eg) : (Ex)ken C F, diam(Ey) <dVke N, AC U Ek}
k=1 k=1

forall A C X.
(i) [2 points| Prove that the limit u™(A) = 5hm+ p3(A) € [0, 400] is well defined for all A C X.
—0

(ii) |2 points| Prove that the function p”: Z(X) — [0, +00] is an outer measure on X.

(iii) |2 points| Prove that the function p”: Z(X) — [0, +00] is a metric outer measure on X, that is,
if dist(A, B) > 0, then u" (AU B) = u"(A) + u"(B) for all A, B C X.

(iv) |1 point] Prove that u™: £(X) — [0, +00] is a Borel outer measure on X.

Exercise 15 (7 points). Let £": Z(R"™) — [0, +o0] be the Lebesgue outer measure on R”.

(i) [1 point] Prove that £1(0I) = 0 for all open intervals I C R,
(ii) |2 points| Prove that .Z"(0I) = 0 for all open boxes I C R™.

(iii) [3 points] Let H = {xz € R" : x,, = 0}. Prove that " (H) = 0.

(iv) [1 point] Prove that .£"(A) > 0 for all non-empty open sets A C R™.

Bonus (2 points). Let X be a non-empty set and let p: #(X) — [0, 4+00] be an outer measure. Prove
that u(AU B) + (AN B) = u(A) + p(B) for all A, B € Meas(X; p).
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Exercise 16 (4 points). Let (X, d) be a metric space.

(i) |2 points| Let (K, )nen be a sequence of non-empty compact subsets of X such that K,+1 C K,
for all n € N. Prove that (), .y Kpn # 9.

(i) [2 points| Prove that diam(A) < diam(A) = diam(A) for all A C X. As usual, diam() = 0.

Exercise 17 (6 points). Let ¢: [0, +00) — [0, +00) be a continuous function such that
(a) ¢(0) = 0;
(b) s <t = ¢(s) < ¢(t) for all s,t € [0,400);
(c) o(s+1t) < P(s)+ ¢(t) for all s,t € [0, +00).
We define
b(oc) = lim_6(t) € [0, +o0]
Let X be a non-empty set and let p: Z(X) — [0, +00] be an outer measure.
(i) [2 points| Find two continuous functions ¢, ¢s: [0,4+00) — [0,400), satisfying points (a), (b)
and (c) above, such that ¢;(+00) = +00 and ¢2(+00) € (0, +00).
(ii) [2 points| Prove that the function pg4: (X)) — [0, 400] defined by setting pg(A) = ¢(u(A)) for
all A C X is an outer measure on X.
(ili) |2 points| Assume that ¢: [0,400) — [0, 400) is injective. Prove that Meas(X; j14) C Meas(X; p).

Exercise 18 (6 points). Let s > 0 and let s#%: Z(R") — [0, +0o0] be the s-dimensional Hausdorff
outer measure on R".

(i) [2 points| Prove that, if s > n, then s#%(A) =0 for all A C R™.
(i) [2 points| Prove that, if 7#%(A) < +oo for some A C R™, then J#*(A) = 0 for all t € (s, +0o0).
(iii) |2 points|] Prove that, if #*(A) > 0 for some A C R", then s#'(A) = +cc for all ¢t € [0, 5).

Bonus (4 points). Set 8y = Card(N) as usual. Let X be a set with Card(X) > 8.
(i) [2 points| Define
o = {A C X : either Card(A) < Rg or Card(A°) < NO}.
Prove that & is a o-algebra.
(ii) |2 points| Define p: &7 — [0, +00] by setting

0 if Card(A) < N,
u(A) =
1 if Card(A¢) < N,

for all A € 7. Prove that (X, <7, u) is a measurable space.
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Exercise 19 (4 points). Let X and Y be two sets and let f: X — Y be a function. Let I be an
arbitrary set of indexes and assume A; C X and B; C Y for all ¢ € I. Prove the following statements.

(i) [1 point] f~1 (Uies Bi) = User £~ (B).
(i) [1 point] /=1 (Mies Bi) = Mies £~ (Bi).
(iii> [1 point] f (Uz’el Ai) = Uie] f(Az)
(iv) [1 point] f (e Ai) € Nier f(As), with possible strict inclusion (example required).

Exercise 20 (10 points). Let s > 0 and let %: Z(R"™) — [0, +0o0] be the s-dimensional Hausdorff
outer measure on R".

(i) [2 points] Prove that s coincides with the counting outer measure. Precisely, 7#°(A) = c(A)
for all A C R", where c: Z(R") — [0, 4+00] is defined as

c(4) = {Card(A) if Card(A) < o0,

+00 otherwise

for all A C R™. Hint: start by proving that s#°({x}) = 1 for all z € R™.

(ii) [2 points| Prove that, if 7*(A) = 0 for some A C R™ and ¢ € (0, +00), then #°(A) = 0.

(iii) |2 points] Let @ # A C R be such that diam(A) < 4+o00. Prove that —oco < inf A <sup A < 400
and that diam(A) = sup A — inf A.

(iv) |2 points| Prove that

+o0 +o0
(%) LY A) = inf {Zdiam(Ek) tAC U Ek}
k=1 k=1

for all A C R, where £: 2(R) — [0,+00] is the Lebesgue outer measure on R. Deduce that
ZLYA) < A1 (A) for all A C R (you may need to know that I' (3) = \/T;)

(v) [2 points] Let 6 > 0. Exploiting (x) and the family (I?)rez, where I = [k6, (k+1)d] for all k € Z,
prove that Z1(A) = #1(A) for all A CR.

Exercise 21 (4 points). Let dim(A) € [0,n] be the Hausdorff dimension of the set A C R™.
(i) [2 points| Prove that, if A C R™ is countable, then dim 4 (A4) = 0.
(ii) |2 points| Prove that, if A, B C R", then dim (AU B) = max{dim »(A),dim»(B)}.

Exercise 22 (4 points). Let £": Z(R"™) — [0, +0o0] be the Lebsegue outer measure on R".
(i) [2 points|] Let E C R™. Prove that £ € Meas(R";.£") if and only if 15: R" — R is 2"
measurable, where

1 z€eF
1p(z) =
0 z¢FE

for all x € R™.

(ii) [2 points| Prove that the function f: R — R defined by
amin{z?3} r€Q
fz) =
-2z reR\Q

is #1-measurable.
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Exercise 23 (4 points). Let (X, d) be a metric space. Let A, B C X and let f: X — R be a function.

(i) [3 points| Assume that dist(A, B) > 0. Prove that, if the functions f: A - R and f: B - R
are continuous, then also f: AU B — R is continuous.

(ii) |1 point] Is the implication in (i) still true if we only assume that AN B = @7 If yes, then
prove it. If no, then give an explicit counterexample.

Exercise 24 (3 points). Let X be a non-empty set and let p: &(X) — [0, +0o0] be an outer measure
on X. Assume that fr: X — R is y-measurable for all k¥ € N. Prove that the sets
{mEX:EI lim fk(:v)eR}, {:UGX: lim fk(:v):+oo}, {:UGX: lim fk(x):—oo},
k—+o0 k—+o00 k—r+o00

are pu-measurable.

Exercise 25 (4 points). Let p: Z(R™) — [0, +00] be Radon outer measure on R™. Let fi: R” — R
be a u-measurable function for all £k € N. Assume that

(a) E € Meas(R™; ) with u(E) < +00;

(b) for each x € E there is a constant M, € R such that |f(z)| < M, for all k € N.
Prove that, for each € > 0, there exist a set F. C F and a constant M, € R such that

(i) F. is closed and pu(E \ F;) < ¢;

(ii) |fx(z)| < M. for all x € F; and all k € N.

Exercise 26 (4 points). Let p: Z(R™) — [0,400] be a Borel outer measure on R™. Let f: R" — R
be a function. Assume that, if € > 0, then there exists a closed set C' C R™ such that u(R"\ C) < ¢
and f: C — R is continuous. Prove that f: R®™ — R is y-measurable.

Bonus (4 points). Let .£": 2(R") — [0,+0cc] be the Lebesgue outer measure. Find an .-
measurable set £ C R? and a smooth and Lipschitz function f: R? — R such that f(E) C R is
not .#!-measurable.



Exercises for week 8

Giorgio Stefani

Exercise 27 (6 points + 2 bonus points). Let f: [0,1] — R be a bounded function. We let

w(fvl) = Sup{f(x) - f(y) 1LY € I}
be the oscillation of the function f on the interval I C [0,1]. We also let

w(f? l’) = rl_i>%l+ w(fv IT’(x))

be the local oscillation of the function f at x € [0,1], where I.(z) = {y € [0,1] : |y — z| < r}.
(i) [1 point] Prove that w(f,z) = iggw(f, I (x)) for all z € [0, 1].

(ii) [1 point| Prove that x — w(f, z) is upper semicontinuous on [0, 1], that is,

limsupw(f,y) <w(f,z) forall z € |0,1].
y—T

(iii) |2 points] Prove that f is continuous at x € [0, 1] if and only if w(f,z) = 0.

(iv) [2 points| Assume that w(f,z) < ¢ for all z € [0, 1] for some € > 0. Prove that there exists
§ > 0 such that w(f,I) < ¢ for all intervals I C [0,1] such that (1) < 4.

(v) [2 bonus points| Let D(f) = {z € [0,1] : w(f,z) > 0}. Prove that, if £*(D(f)) = 0, then f is
Z'-measurable on [0, 1].

Exercise 28 (4 points). Let f: X — [0,400] be a p-measurable function.
(i) [2 points| Prove that u({z € X : f(z) > t}) < 1 [y fdp for all t > 0.
(ii) [2 points| Prove that, if [y fdu < 400, then f(z) < +oo for p-a.e. x € X.

Exercise 29 (4 points). Let f € R — R be a Z!-measurable such that [ [f|dZ" < +oco. Let
¢ € R. Prove that the function F.: R — R defined by F.(t) = fct]* fd! for all t € R, where
e, t]* ={r eR:cAt <z <cVt}, is well defined and continuous on R.

Exercise 30 (4 points). Let fr: X — [0,400] be a non-negative p-measurable function for all k£ € N.
Assume that there exists a function f: X — [0, +o00] such that

(a) klirf fi(z) = f(z) for prae. z € X;
—4-00
(b) fr(x) < f(z) for p-a.e. x € X and all k € N.
Prove that khrf Jx frdp = [y fdp.
—+00

Bonus (4 points). Let f: X — [0,4+00] be a non-negative py-measurable function. Prove that the
function v: Meas(X; u) — [0, +0o0], defined as
= / Jdu
A

for all A € Meas(X;p), is a measure.
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Exercise 31 (6 points).

(i) [2 points] Let f,g: R™ — R be two continuous functions. Prove that, if f = g #"-a.e. on R,
then f = g everywhere on R".
(i) [2 points| Let f,g € LY(X, p). Prove that f = g p-a.c. on X if and only if [, fdu = [, gdpu for
all E € Meas(X; p).
(ili) [2 points] Set Ry = Card(N) as usual. Let X be a set with Card(X) > Ry. Consider

o = {A C X : either Card(A) < Vg or Card(A°) < NO}
and define p: o/ — [0,400] by setting

0 if Card(A) <Ny
wA) = .
+oo if Card(A°) < Np

for all A € o/. Prove that (X, <7, ) is a measurable space [1 point] and find two u-measurable
functions f,g: X — [0,+o00] such that [, fdu = [, gdu for all A € o but f(x) # g(x) for all
x € X |1 point|.

Exercise 32 (4 points). Let fi: X — [—00,400] be a p-measurable function for all £ € N and let
g € LY(X, ). Prove that, if f; < g p-a.e. on X for all k € N, then

lim sup/ frdu < / lim sup fi dpu.
X X

k—+4o00 k—4o00

Exercise 33 (4 points). Let fi € £(X,u) be such that fi > 0 p-a.e. on X for all £ € N. Assume
that

lim fy=f p-a.e.on X and  lim / frdu = / fdp < 4o0.
k—+o00 k—+o00 X X
P hat li — = 0.
rove that k_ifj{loofx‘fk fldp=0

Exercise 34 (4 points). Let f: X — R be an p-measurable function such that f > 0 p-a.e. on X.
Assume that there exists o € [0, +00) such that [y f(z)*du(z) = o for all k € N. Prove that f = 1p
p-a.e. on X for some E € Meas(X; 1) with u(F) = a.

Bonus (4 points). Let X be an non-empty set and let Z C &(X) be a semiring on X. Let p: #Z —
[0, +00] be a measure on Z.
(1) |2 points| Let A, By,..., By, € #Z. Prove that there exist disjoint sets Ci,...,C, € Z such
that A \ U;il Bl = |_|;l:1 Cj.
(2) |2 points| Let Ay,..., A, € Z be disjoint and assume that | |;_; Ay C A for some A € Z.
Prove that >, u(Ax) < p(A).
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Exercise 35 (6 points). Let f: X — [0, 400] be a non-negative p-measurable function and let (Ag)xen
be a sequence of py-measurable sets.

+o0o
(i) [1 point| Define y(z) = ) 14, (x) for all z € X. Prove that v: X — [0, 400] is y-measurable.
k=1
+00 oo
(ii) [2 points| Let A = kL—Jl Ay. Prove that [, fdu < [, fydp= ];1 fAk fdpu.

+o0o
(iii) [2 points| Assume M = sup y(z) < +o00. Prove that > fAk fdu <M [, fdu.
rzeX k=1

+o0 +o00
(iv) |1 point] Prove that > u(Ax) < Mp ( U Ak>.
k=1 k=1

Exercise 36 (5 points). Let (fi)ren C L£'(X, 1) be a sequence of p-integrable functions such that
SRS Jx Ll dp < oo,

+oo m
(i) |2 points| Prove that f(x) = >  fi(z) = lim > fi(z) exists and is finite for py-a.e. z € X.
k=1

m——+00 k=1

dp = 0.

m——+00

(ii) [2 points| Prove that f € £1(X, ) and that lim / ‘f - ka
X k=1

“+o0o
(iii) [1 point] Prove that [ fdu= 3 [y frdu.
k=1

Exercise 37 (4 points). Let f: R? — R be the function f(z,y) = ye~(1+29” for 2 y € R. Apply the
Fubini—Tonelli’s Theorem to the integral

]:/ f(z,y)d( L @ LYY (z,y)
RX[0,400)

to show that [ e dx = /7.

Exercise 38 (4 points). Let f: X — [0,+oc] be a non-negative p-measurable function. Define the
set Gy ={(z,t) e X xR:0<t< f(x)} C X xR.

(i) [2 points| Prove that Gy € Meas(X x R;p® £1).

(i) [2 points] Prove that (u® ') (Gy) = [y fdu € [0,40q].

Bonus (4 points). Let f € £1(X, u) be a p-integrable function. Prove that there exists a sequence
(ok)ken of simple functions ¢ : X — R, k € N, such that klim Jx |f — el dp=0.
—+00
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Exercise 39 (4 points). Let (X, .o/, u) be a measurable space.
(i) [2 points| Let p,q,r € [1,400] be such that %4—% = 1 Prove that, if f € £P(X,u) and

f € LYX, ), then fg € L7(X, p) with [[fgllcr < [ fllzr [l9llca-
(ii) [2 points| Let m € N and let p1,...,pm, € [1,+00] be such that 1 -4+, - = 5. Prove that, if

fr € LPr(X, p) for all k =1,...,m, then Hk 1 fre LM(X, p) Wlth || Hk 1 fk”ﬁr < Hk 1 el zew -

Exercise 40 (4 points). Let u: Z(R) — [0, +00] be a Borel outer measure such that p(R) = 1. Prove
that

ZYE) = / p(r + E)dx
R
for all Borel sets E C R.

Exercise 41 (4 points). Let (X, o/, u) be a measurable space with p(X) < +oo. Let f: X — [0, +00]
be a p-measurable function, not p-a.e. equal to the null function, such that f € L£P(X,u) for all
€ [1,4+00). Prove that

+1
I,
v IfI

= [[fllce

Exercise 42 (4 points). Let ¢: [0, 1] — R be continuous function such that ¢(z) > 0 for all € [0, 1].

Prove that
p
i ([ IfPedzt) = Iles
p——+00 [071}

Bonus (2 points). Find f: R” — R such that f €

|=

for all f € £1([0,1],.£1).

el ooy LP(R™, Z7) \ LX(R™, 27).
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Exercise 43 (4 points). Let (X, .o/, ) be a measurable space. Let (Ax)gen C &/ be a sequence of
pairwise disjoint sets such that p(Ag) € (0,+00) for all k € N. Let 1 < p < ¢ < +00.

lim u(Ag,;) = 0. Prove
%

(i) [2 points| Assume that there exists a subsequence (Ay;);jen such that m

that LP(X, ) \ LY(X, p) # 2.
(ii) [2 points| Assume that there exists a subsequence (Ay;)jen such that inf p(Ag;) > 0. Prove that

€N
LI(X, 1)\ LP(X, 1) £ 2. J

J

Exercise 44 (4 points). Let (X, 47, 1) be a measurable space. Prove that the following statements
are equivalent.

(i) There exists a sequence (Ag)ken C &7 such that p(Ag) > 0 for all k € N and klirJlra w(Ag) = 0.
—+400

(ii) There exists a sequence (By)ken C &7 such that 0 < p(By) < 2% for all k£ € N.

)
(it) LM(X, ) \ L%(X, ) # 2.
(iv) There exists a sequence (Ck)reny C & of pairwise disjoint sets such that 0 < p(Cj) < 2% for
all k € N.

Exercise 45 (4 points). Let p € [1,4+00]. Prove that (LP(R",.Z"), ||-||,) is a Hilbert space if |2 points|
and only if [2 points| p = 2.

Exercise 46 (4 points). Let (X, </, u) be a measurable space and let p € [1,+00). Assume that
(fi)ken C LP(X, ) and f € LP(X, pu) are such that

(i) kgin fr(z) = f(z) for p-ae. z € X;
() im il = 11

Prove that lim | fi — f|l, = 0.
k—+o00

Bonus (2 points). Let (X, <7, u) be a measurable space. Let 1 < p < ¢ < r < 4o00. Prove that
LUX,p) C LP(X, p) + L™ (X, p), that is, if f € LY(X, pu), then f = f1 + fo for some f; € LP(X, u) and
fa € L'(X, p).
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Exercise 47. Let (X, .o, u) be a measurable space and let p € [1,+00). Let (fx)ren C LP(X, p) be
such that fr — f in LP(X,pu) as k — 4oo for some f € LP(X,u). Prove that fr — f in measure as
k — 4o0.

Exercise 48. Let (X, /, ) be a measurable space such that pu(X) = 1. Let ¢: [0,400) — [0, +00)
be a continuous, convex and monotone increasing function and define ¢(400) = 4+00. Prove that

90</deu>§/xs0(f)du

for all non-negative measurable functions f: X — [0, +0o0].

Exercise 49. Let (X, <7, ) be a measurable space such that pu(X) < +oo. Let p € (1,400) and
let (fx)ren C LP(X, p) be such that M = suppey || fellp < +00. Assume that f — f p-a.e. in X as
k — o0 for some measurable function f: X — [—o0, 4+00].

(i) Prove that f € LP(X, pu) with || f]|, < M.

(ii) Prove that, for all € > 0, there exists § > 0 such that

E € o with u(EF) <6 = sup/ |fe — f|%dp <e.
keNJE

(iii) Prove that fy — fin LY(X, pu) as k — +oo for all g € [1,p).
(iv) Prove that one cannot take ¢ = p in the previous point with a counterexample.

Exercise 50. Let (X, .7, ) be a measurable space such that u(X) < +oo. Let p € (1,+00) and
let (fi)ken C LP(X, ) be such that M = supyey || fx]lp < +00. Assume that f — f in measure as
k — +o0o for some measurable function f: X — [—o0, +00].

(i) Prove that f € LP(X, ) with || f]l, < M.
(ii) Prove that lim f{lfk—flza} gdu =0 for alle >0 and all g € L' (X, u).

) k——+o00
(iii) Prove that fr — f weakly in LP(X, u) as k — +o0.
(iv) Prove that one cannot take p = 1 in the previous point with a counterexample.
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Exercise 51. Let f: R — R be a Lebesgue measurable function. Assume that
sup/ |z | f(x)| dz < +oo0.
keN JR

Is it true that f(z) = 0 for ZL*-ae z € R\ [-1,1]7 If yes, then prove it. If no, then give a
counterexample.

Exercise 52. Let (X, .7, 1) be a measurable space. Let f, fi € L'(X, ), k € N, be such that f, — f
strongly in L'(X, u) as k — +00. Let (Ag)ken C &7 be such that pu(Ay) — 0 as k — +o00. Prove that

k£r+noo fAk Jredp = 0.

Exercise 53. Let (X, .o, ) be a measurable space with p(X) < 4+o00. Let f, fr: X — [—o0, +o0],
k € N, be p-measurable functions. Prove that the following two statements are equivalent.

(A) frx — f in measure as k — +o0.
(B) i [ VAL~ fldn=0.

Exercise 54. Let (fi)ken C LQ([O, 1]) be such that kaHLQ([O?l]) < /2 for all k € N. Assume that
fr — 0 in measure as k — +o0.

(i) Fix 7 > 0 and define g, x = 1{j5,|>n} for all £ € N. Prove that

lim Inkpdr =0
k—+00 [0,1] K
for all ¢ € L(]0,1]).
(ii) Prove that fy — 0 weakly in L%([0,1]) as k — +o0.

Exercise 55. Let (X, .o/, u) be a o-finite measurable space. Let f: X — [0, +o00] be a non-negative
p-measurable function. Prove that, if u({z € X : f(z) > t}) > %th for all t > 0, then f ¢ LY(X, u).

Exercise 56. Let (fi)ren C L*([0,1]) be such that || fx[| 30,1y < 2 for all k € N. Assume that f — 0
ZLta.e on [0,1] as k — +oo.

(i) Prove that fi, € L?([0,1]) for all k € N.

(ii) Let gx = fZ for all k € N. Prove that (gx)reny C L'([0,1]) is uniformly integrable.

(iii) Prove that f; — 0 strongly in L%([0,1]) as k — +o0.

Exercise 57. Let E, Ey, C [0,1], kK € N, be Lebesgue measurable sets. Prove that the following two
statements are equivalent for any fixed p € [1,400).

(A) 1g, — 1p strongly in LP([0,1]) as k — +o0.

(B) 1g, — 1 weakly in LP([0,1]) as k — +o0.



