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No paradoxes without utility

Around 1675 Newton and Leibniz discovered Calculus and nowadays derivative is a
basic tool of any mathematician.

Somewhat surprisingly, the first appearance of the concept of a fractional
derivative is found in a letter written to De Hopital by Leibniz in 1695!

What is the “half derivative” of z? It’s ;ﬁf =cyx (Wthe = % by Lacroix, 1819).
rz

Leibniz's answer to De L’'Hopital, 30 September 1695:

‘Il y a de 'apparence qu'on tirera un jour des consequences bien utiles de ces
paradoxes, car il n’y a gueres de paradoxes sans utilité.”

“This is an apparent paradox from which, one day, useful consequences will be
drawn, since there are no paradoxes without utility.”

Leibniz
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The fractional derivative: an old story, many definitions

Today there are many fractional derivatives. Three famous examples:

prizLacrow (B) L _ _LntD .,
Lebbniz-Lacroix (1819): T = Ton—aiD
t
Riemann-Liouville (1822-1847). EED2f(t) = ﬁ % / (tf—<Tr))a
t !
Caputo (1967):  ©Dof(t) = F(llfa)/ (tf(:))a dr.

Some observations on fractional derivatives:
o they work on functions of just one variable;
e constants can have non-zero fractional derivative;
e they may need differentiable functions!

Question: What about a fractional gradient? Can we just take (D2 ,..., D% )?

Problem: the 'coordinate approach’ does NOT ensure invariance by rotations!
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A ‘physical’ approach: invariance properties

Silhavy proposed that a (physically) 'good’ fractional derivative should satisfy;
e invariance with respect to translations and rotations;
e a-homogeneity for some a € (0,1);
e mild continuity on smooth functions.

For f e Lip,(R™) and ¢ € Lip,_(R";R™), we consider

Vo‘f(x) — ,LLn,a/ (.f(y) — f(x))(y — I) dy c Rn‘

|y — z[rtett

n

divie(z) = pna /R" (w(yﬁg_wifgl;iyl L) dy € R,

whenever x € R™, where p,, > 0 iS a renormalizing constant.

Characterization Theorem (Silhavy, 2020)

Ve and div* are determined (up to mult. const.) by the three requirements above.
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A glimpse of the literature

Appearance

1959 Horvath (earliest reference up to knowledge)
196 | Nikol'ski-Sobolev (implicitly mentioned)

Variants, motivated by non-local interactions
197 | Edelen-Laws+Green: thermodynamics & Continuum Mechanics
2011-12-15 Caffarelli-Vazquez+Soria, Biler-Imbert-Karch: porous medium equation

Current research

20 I5-18 Shieh-Spector: fractional PDE theory (systematic study of V<)
2017-.. Spector et al.. optimal embeddings, potential theory

2019-.. Comi-S et al: distributional theory for functions and sets

2020-... Silhavy;: distributional approach (introducing div*) & elasticity
2020-... Bellido-Cueto-Mora-Corral: polyconvexity & Continuum Mechanics
2022-... Kreisbeck-Schénberger: quasiconvexity

2023 Braides et al.: homogenizations
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Links with fractional Laplacian, Riesz potential/transform and duality

Fractional Laplacian: —div’ ve = (—A)QTH?, where

(—A)%f(x) _ fly) = f(z) d

re |y — [t

Riesz potential: V® = VI;_, and div* = divl;_,, where

Lt =ens [ 2D scom

re [T —y["e
Riesz transform: V® = R(—A)% and div® = 'R (—~A)%, where
Rf(z) = cn/ (f(y) = f(@))(y — ) dy.

ly — [+

Integrability: f,¢ € Lip, = Vf, divip € L' N L>.
Duality: the integration-by-parts formula

fdivagodm:—/ w-Vfdx
RTL

n

holds for f e Lip (R™) and ¢ € Lip_(R™;R™).
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Leibniz’s rules and Fundamental Theorem of Fractional Calculus

Leibniz’s rules (Comi-Stefani, 2019)
Given f,g € Lip (R™) and ¢ € Lip,_(R";R™), we have
Ve (fg) = fVe+gVf+Vi(f9)
div*(fo) = fdivie + ¢ V*f + divy (f,9),
where, for z € R?, we defined the non-local reminder terms as

Vi 9)(@) = fina / U= S0 o)y =2)

ly — z|ntett

A2 (.0)(z) = un,a/ (F(y) = F@))ely) — o)) -y = 2) ;-

. fy =zl

Fundamental Theorem of Fractional Calculus (Silhavy, 2020; Comi-Stefani, 20 19)

fECPRY = f(z) = fin—a / VoW - W=2) 1 tor g e R™

no |y —zroett
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Distributional fractional Sobolev (aka Bessel) functions

For p € [1,4+00], we define the distributional fractional Sobolev space
SeP(R") = {f € LP(R") : 3V*f € LP(R™;R")}

endowed with the norm || fllser = || fllze + IVl e-

Here Ve f € LL (R™;R™) is the weak fractional gradient of f € LP(R™), ie.

loc

n

fdivacpdm:—/ ©-Vefdx forallp € CF(R™;R").
]Rn

ldentification Theorem (Brue-Calzi-Comi-S, 2020; Kreisbeck-Schénberger 2022)
If p € (1,400), then S«P(R™) = LP(R™), where

LOP(R™) = {f cS'RY): (I-A)ife LP(R”)}
is the Bessel potential space.

Meaning: 'H = W-type result’ since L*»(R") = C=(®™) **” for p € [1,400).

Application: parallel Sobolev theory (PDES, functionals) for Bessel potential spaces.
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Distributional fractional BV functions

Given p € [1,+00], the fractional variation of f € LP(R™) on an open 2 C R™ is

D71 = s [ dvd g€ CROR), el uriany < 1)
We define the distributional BV *(§) space
BV*r(Q) = {f € I'(R") : |D*|(Q) < +o0}
endowed with the norm || fl| pyes ) = I1fl o e + D% F(2).
Properties of BV*P(R™) (Comi-S, 2019, Comi-Spector-S, 2022)

Measure: f € BV*P(Q) < [ fdivipdz = —/ ©-dD*f for p € C(;R™).
R’n

lsc: | D> f|(€) is [s.c. with respect to convergence in L?(R™).
Density: C°(R™) is dense in BV *P(R™) for p € [1 —)

Embedding: BV*?(R™) c L#= (R™) for p € [1 a) andn > 2.

Compactness: BV*P(R™) C L

0o(R™) is compact for p € [1 —)

'n—a
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Distributional fractional perimeter and fractional reduced boundary
We now focus on the special case f = xg for some measurable set E C R™.
Given any open set Q C R™, we let
|DYxg|(R2) = sup{/ dv®pdz : ¢ € C°(Q;R™), lloll oo (s Ry < 1}
E

be the distributional fractional (Caccioppoli) perimeter of E inside Q.

We adopt De Giorgi's idea to define a fractional analogue of the reduced boundary.

The fractional reduced boundary .Z~E (inside Q) is the set of points

where v (z) is the fractional (inner unit) normal at z € QN F*E.

c Sn—l

We thus have the Gauss-Green formula

/ dv*pdr = —/ - ve dDg|
B QNFoE

for all ¢ e Lip,(€;R™).
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Comparison with the WP framework [ 1/2]

For p € [1,400) and a € (0,1), we let

WeP(R"™) = {f € LP(R") : Ww / / |x = |n+pa dx dy < +oo}

endowed with the norm || flwes®ny = || flle + [flwer.

By definition, V*: WL (R™) — LY (R™; R™) with [Vf| 11 < e [flwer.

Inclusions #1 (Comi-S, 2019)

o WaL(R™) C S*(R™) ¢ BV*(R"™) continuously and strictly!
e0<fB<a<l = BV*R") c WAR")

Inclusions #2 (Comi-S, 2019: Brue-Calzi-Comi-S, 2022)
epc (1,+00) = SoTP(R") C WeP(R™) C S* =P(R")
epcl2) = WeP(R") C S¥P(R")
o Wa2(R"?) = §*2(R")
epc (2 +x]andd<a< f <1 = WALR") C S*P(R")
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Comparison with the WP framework [2/2]

The fractional perimeter in an open set  C R™ of a measurable set E C R™ is

Ixe(@) — xe()| // Ixe(z) = xe(y)|
Po(E:Q :/ N by + 2 da d
( ) aJo  Jz—ylrte |"+a Y n"\Q |33 - |n+a v

fQ= R™, then Pa(E; Rn) = Pa(E) = [XE]Wa,l(Rn).
Representation formulas (Comi-S, 2019)

* P (E;Q) < oo = |D*Xel(Q) < pinaPal(E; Q) With D*xg = V*xg £

,un,a VE\Y
e x5 € BV(R") = Vyg(z) = — /R = f|(n+)a1 d|DxE|(y)

o |Dg| < Z™ and |[D¥xg|(Q) >0 = ZL*(QNF2E)> 0!

Careful: Py (E;Q) < 400 = F°F is diffuse (recall that we! ¢ §«1).

Example: E = (a,b) CR = F*E =R\ {22}
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Two examples: the ball and the halfspace
Recall that V* is invariant by translations and rotations in R™.

Ball. For z € R™ with |z] # 0,1, we have

o Mn« xT
Vxa, (2) = p—] Ina(lz]) =l
where
Y1 1
na(t) = — " >0, foranyt>0.
talt) = [ e ) ’
As a consequence, v (z) = —"—73' forany z # 0 and 7B, = R" \ {0}.
X

Halfspace. Letting Hf = {zx e R" : z-v > 0} for v € S"~ !, if - v # 0 then

2wy 1
VAT () o

As a consequence, .#“H,; = R™ and ugj =v.

vO‘XHJ (z)
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Density estimates

Now we g0 back to sets with locally finite distributional fractional perimeter.
The fractional reduced boundary allows for local upper density estimates.
Density estimates (Comi-S, 2019)

fxe € BV&“ (R") and z € F*E, then there exists r,, > 0 such that

|DaXE|(Br(x)) < An,arnia and |DOZXEOB7V(:D)‘(R”> < Bn,arnia
for allr € (0,7,), where A,, o, B,o > 0 are universal constants.

Integration-by-parts on balls (Comi-S, 2019)
It xg € BV2>(R™) and z € F*E, then for all ¢ € Lip (R") andae.r >0

loc
/ div® e dy+ / ©-VXB, (z) dy+ / diviL (X B,.(2), ) dy = — / 0 D%E.
ENB,(x) E E B, (z)

By a standard covering argument, we thus get that
|IDxp| < Cpo " F*E sothat dimug(F*E)>n— .

Recall that dime (F*E) = n in the W! regime (in particular, for BV sets)!
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Fractional De Giorgi's Blow-up Theorem

The blow-ups at =z € R™ of a set E C R™ are the family

Tan(E,z) = {limit points of (£%) ;) in L, (R™) as r — 0+}.

We can prove a fractional analogue of De Giorgi's Blow-up Theorem.

Fractional Blow-up Theorem (Comi-S, 2019)
If xg € BV>*°(R") and x € #*E, then:

loc
o existence: Tan(E,x) # 0

e rigidity: F € Tan(E,z) = v%(y) = v%(z) for |Dxp|-ae.y € FOF.

Open Problem: How to characterize blow-ups?

Bad News Theorem (Comi-S, 2019 and 2022)
The coarea formula and the local chain rule do NOT hold!

D] # / IDxpsnldt  and  |DP®(f)| # 8] |D° f]
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Further properties of blow-ups
Let xg € BV 2™ °(R") and 2 € Z*E and assume that v¢(z) = €,.
Properties of blow-ups (Comi-S, 2023)
f F €tan(E,x),then FF = R"~! x M with M C R such that
o Xar € BVS®(R) with 8%xas > 0;
o |M]|,|M¢| € {0,+o00};
o |M|=+0c0 = esSSUp M = +o0;
e M # O,R is such that P(M) < 400 = M = (m,+o0) for some m € R.
Consequence: halfspaces and R™ are the ONLY blow-up cones!
Splitting Theorem (Comi-S, 2023)
Assume f € BV > (R™).
e D¥f =0 < D,;f =0whatever i € {1,... n}
e Dif =0 = 3Jg e BV (R"") suchthat f((z1,2")) = g(«') ae. and
(Dg.)if = L' @ (Dgu-i)ig fori=2,...n
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Non-local boundaries [ 1/2]
xe € BV (R") = D% = Dgxp + D¢xp, Dioxp < £, Déxp L 2"

Locality of singular part (Schénberger, 2023; Comi-S, 2023)
D¢xenr = xr D¢ xE Whenever P, (F) < +oo

Notation: F* = <z € R : 3 lim £ 0 B, ()] =1t ¢ whenever ¢ € [0,1].
r—0t |BT(.’E)|
Support of singular part (Comi-S, 2023)

Dg¢xg(F') = 0 whenever xp € W*L(R™) with either [ENF|=0o0r |[ECNF| =0
Notation: 0~ F = {z € R" : 0 < |[E N B,(z)| < |B,(z)] for all » > 0}

Corollary: supp(|Dgxk|) C 0~ FE and s0 |D¢xE| < Cpo A" L (F*ENJ™E)
Analogies with classical results (De Giorgi's Theory & Lombardini, 2019)

o xrg € BV,(R") = supp(|Dxg|) =0"FE
o x5 € WH'R") = 0"E = {z € R" : [xglwai(n,(z)) > 0 for allr > 0}

loc

Caution: there exists E C R™ such that P(E) < +o0o0 and £™(0™ E) = 400!
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Non-local boundaries [2/2]

Exercise (measure-theoretic interior and exterior)
If 2 € R® and E C R™ is measurable, then

Tan(E,z) = {R"} < z€ E' and Tan(E,z)={0} < z€E°
Notation: 9* E = R™ \ (EY U E') is the measure-theoretic boundary,

Definition (Effective fractional reduced boundary)

We define ZE = #*E N O*E whenever xg € BV, (R™).
Properties of effective fractional reduced boundary (Comi-S, 2023)
e xg € BVSR"), z € Z&E, Tan(E,z) = Hf forv e "' = vg(x) =v

o xg € WH'(R") = A" %(FLE)=0

o X5 € BV(R") = FE C FLE, #"Y(FLE\ FE) =0,0% = vgp N FE
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Finer analysis of BV*? functions

Absolute continuity properties of the fractional variation (Comi-Spector-S, 2022)

|Def| < st forpe [1. ﬁ)
f € BV*P(R") — .
|DYf| < #" "> forpe (L —l—oo]

1-a’

r—0+

The precise representative of f € L{ (R™) is f*(z) = lm ][ f(y)dy.
B, (x)
Precise representative (Comi-Spector-§, 2022)

f€BVPR") = lm ][ [f(y) = f*@)dy =0 A" *"-ae zeR"
B, (z)

r—0+

for any ¢ € [1,g.], where g. € [1#) is such that (m g = -2-

e—0+ n-a

Leibniz’s rules for BV« with Besov (Comi-S, 2022)
f f € BV*P(R™) and g € Besov, then fg € BV*P(R™) with
D*(fg)=g"D°f + fV°g L™+ VL.(f.9) £L" in.#[R";R").
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Fractional divergence-measure fields

Given p € [1,+oc], F € LP(R™; R™) has fractional a-divergence-measure, and we
write F' € DM*P(R™), if there exists divF € .4 (R™) such that

/ F.-Vedr=— [ &ddiv®F  forall¢ € C(R).

R~

Absolute continuity properties of the fractional divergence-measure (Comi-S, 2023)

nothing forpe [1, #)
div®F = 0 on Borel sets with o-finite

Fe DMQP(R”) = "_ﬁ n n
AP n measure for pE [m, ﬁ)
|div® F| < A% forp € |25, +00]

Remark: the case o = 1 is due to [Silhavy, 2005].
Leibniz’s rules for DM*P with Besov (Comi-S, 2023)

f F € DM*P(R™) and g € Besov, then gF € DM*P(R™) with
div¥(gF) = ¢*div®*F + F - V% " + div{ (9. F) L™ in A4 (R").
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Asymptotics

LT () 1-a
Now important: =2%r—%2 2 ~ asa — 1™,
SR e r) B

Asymptotics for a — 1= (Comi-S, 2019) — Bourgain-Brezis-Mironescu
o fe WIP(R") = Vf — Vfin LP whenever p € [1,+00).
e f € BV(R") = Dof — Df, [D*f| = |Df|, |D*f|(R") — | D f|(R").

Asymptotics for a — 0 (Brue-Calzi-Comi-S, 2020) — Maz'ya-Shaposhnikova
* f€Uaeny W (R") = V°f — Rf in LP whenever p € (1,+00).

o f€H'R") NUpeony W' (R") = V*f = RfinL'andin H'.

¢ F e Uncon WHR) = o [ [V2f@lde e

f(z)dz|.
]R'n.

Notation: The Hardy space is H* = {f € L'(R") : Rf € L*(R™)} (with R = V°).
Update: distributional BBM formula obtained by [Brezis-Mironescu, April 2023]!
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Fractional interpolation inequalities

We prove V* — R strongly as o — 0% via fractional interpolation inequalities.

Interpolation #1 (Brue-Calzi-Comi-S, 2020)
Let a € (0,1]. There exists ¢, > 0 such that

a=p
D F|(R™) < cnall fll g gey 1D FI(R) S
for all B € [0,a] and all f € HY(R™) N BV¥(R™).
Interpolation #2 (Brue-Calzi-Comi-S, 2020)
Let p € (1,400). There exists ¢, > 0 such that

”vﬁ.f”LF’(]R" R") < Cnp||V7fHLp(Rn R™) Hvaf”Lp R7;R™)

foralo<y<p<a<landall fe S“P(IR{”) There exists ¢,, > 0 such that
”vﬁ.fHHl R7; R") < CnHv'Yf”Hl(R :R™) ||V°‘f||H1(R :Rn)

foralo0<y<gB<a<landal f € HS*(R™).

HS*YR™) = {f € H'(R") : V*f € H'(R";R")} is the Hardy-Sobolev space.

23/26



-convergence

Definition (T'-convergence after De Giorgj)

We say that Fj,: (X,d) — R I'-converge to F': (X,d) — R if
oz, — 1 = F(x) <liminfy F(zy)
o Vz € X Jz;, — x such that F(z) > imsup, F(zk)

r-conv. as o — 1~ (Comi-§, 2022)  — Ambrosio-De Philippis-Martinazzi & Ponce
Let @ c R™ be a bounded open set with Lipschitz boundary or © = R™.
 fEBV(Q) = I(L)- lm_|D*f|(Q) = |DfI(Q)
a—1-

o E C R" measurable = I['(Lj,) - lm |D%xg|(Q) = P(E;Q)
a—1-

Why is T-convergence interesting? Minimizers of Fj. converge to minimizers of F'!
Possible application: regularity of distrioutional non-local minimal surfaces.

Update: similar I'-convergence results obtained by [Brezis-Mironescu, April 2023]!

Remark: asymptotics and I'-convergence can be generalized to o — ag € (0,1].
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Open problems and research directions

About sets and perimeter

> Is there a set E C R™ such that xg € BV*1(R") \ W*L(R™)?
> Is there a set with #"-negligble fractional reduced boundary?

> What are 1D profiles of blow-ups?
> Are balls isoperimetric sets for the fractional variation?
> What about minimal surfaces for the fractional variation (existence, regularity)?

About functions and variation

> Do BV P functions satisfy some good local properties?
e does the precise representative exist #"~*-ae.in R™?
e Are there approximate limits? What are fractional jumps?

> Do functions in BV > (R") \ W*!(R") satisfy a Leibniz’s rule?
> Is there a Leibniz’s rule for F € DM**(R") and xp € BV*!(R™)?
> Can BV P functions be defined on a general open set Q c R"?
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WAOW WW’V dltwition!

Slides available via giorgio.stefanimath@gmail.com or giorgiostefaniweebly.com.
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